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ON THE ENERGY OF AN ELASTIC ROD’

V.L. BERDICHEVSKII

It is shown that the general geometrically nonlinear problem of the three-dimension-~
al theory of elasticity for a rod can be split into a nonlinear "one-dimensional"
problem (one-dimensional theory of rods) and a linear "two-dimensional" problem. A
number of constant "effective" elastic characteristics of the rod is in the equation
of the one-dimensional theory, and they are determined by having the linear two-~
dimensional problem solved (the section problem). The section problemis formulated
in the general case of inhomogeneity and anisotropy as a problem on the minimum of

a certain functional (the results presented in /1/, wherein reasoning from /2/ is
used, are elucidated in this part). The properties of the section problem are form-
ulated. A double variational prcblem is constructed. Certain two-sided estimates
are given for the effective elastic moduli of inhomogeneous rods. A criterion is
obtained for the validity of the strength of materials formula to evaluate the ef-
fective tension and bending moduli of an inhomogeneous rod.

1. One-dimensional theory of rods. A curve T provided with the ortho triad T, {a,
b, =12, 3) one of whose vectors, 1, for definiteness, is tangent tc I, is modeled in the
classical theory of rods. For a fixed position of the curve [I. the ortho triad is determined
to the accuracy of a rotation around the tangent vector. The appropriate degree of freedom
describes the rotation of the cross-sections.

The deformed state of the rod is given by the components r' (%), the radius-vector of
points of the curve T and the components t.' (%) of the vectors 7, (§ is a parameter on I, the
subscripts i, j. k correspond to the projections on the axes of the Cartesian coordinate system
of the observer and run through the values 1,2,3; the quantities with the super and subscripts
agree; the site of the index is selected in conformity with the rule of summation over repeat-
ed sub~ and superscripts).

The quantities T.' satisfy the constraints

. . ;
Tty =0, drids =14

where s is the arclength along 1. and §6,, is the Kronecker delta.

The deformed state of the rod has four functionally independent degrees of freedom.

In the unstrained state the curve I occupies the position ['5, determined by a radius-
vector with the components rhﬂﬁ);in the initial state the ortho triad vector components are
denoted by rw;(gy It is understood that the vectors Top and Tp, are relatedto the gecmetry
of the cross-section (for instance, are directed along the axes of inertia of the cross-sect-
jon or to the physical properties of the rod. We consider the parameter % to be the arclength
on Ty, 078 ITo |, where |T,] is the length of [}. The extension of the rcd is
characterized by the quantity v .- Y, (dridE-dr./dt - 1).

Let ®° and " denote the guantities

N

@ =1 (’m‘rfl_‘,d‘(;ld.\‘, gy =1y y"'“"*r.(o,,,,dr(o)(‘,/(ﬁ (1.2)

where €°*° is the Levi-Civita symbol.
It follows from the first equality in {(l.1) and from (1.2) that the following relation-

ships (the analog of the Frenet formulas) are valid
oin b IR
dibids == e, 0 T, dTighdE == e, i T(o) (1.3

Let us define the measure of rod strain O by the equalities
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0 e {1 4 2900’ — 0)?0) = 37, 070° (‘Eibdffzfd'é et T(u)ibdfm):; dt) {1.4)

We agree that the small Greek letters run through the values l 2, and the index 3 will be
omitted when confusion will not ensue {for instance ’{s_«r 1:{{,,3:: '{(9), @® =0, m(m = Wy, [eX w{a;

The quantities 0% and {0 are used in classical theory as measures of the bending and
torsion of the rod, respectively.

To simplify the tensor mode of writing the further relat{onships, we take the quantities
Qp = eaﬁﬁﬁ as the measure of the bending in place of Q¢ , where € is the two-dimen-
sional Levi-Civita symbol (¢, = €y = 0, e;3 = —eéy, = 1), The upper bar is omitted over the measure
of the torsion (Q= Q).

The functional of the rod energy on which the dead external forces act in classical theory

has the form
iy

= { O, 0 Od—L (1.5)
@

where @ is the internal energy per unit length of rod, and L is the work of the external forc-
es.,

The expression (1.5) will be derived below as a result of an asymptotic analysis of the
energy functional of a three-dimensional elastic body by the method elucidated in /1,2/. The
main result is a formula to evaluate the energy density @ by means of physical characteristics
and the geometry of the rod cross~section. The energy density ® of a physically linear aniso-
tropic inhomogeneous rod is given by the equality

=1, < E@G+EQR>+Y(y, O 9 (1.6)

where the angular brackets are the integral over the domain of the cross-section §, Ex are
Cartesian coordinates in the cross-section, £ is Young's modulus, ¥ {y, Q. Q) is the minimal
value of a certain functional O which is a guadratic functional of the three functions y, and
y defined in the domain § that depends on y, Q. and Q as on the parameters

(v, Qa, Q) =infy, 0 (ya ¥; ¥ Qo, ) 1.7

The functional © is the sum of two positive quadratic functionals @, and ©; of the form
8,12 (6 (g0 -+ hQeoal® + Caly + WL a— B> (1.8

0, =10 (Yo + Caply -+ AQal%) -+ Cop lyp + hQearl(a, B~ v, 5> (1.9}

Here G#B, Oy, C2BV8, Cup, Caﬂ are "“two-dimensional projections" of the elastic moduli tensor,
k is the diameter of the cross-section, {* = §2/h the vertical bar separating the Greek sub-
scripts denotes differentiation with respect to (%, the symbol (o - B) denotes the preceding
brackets with the subscript o replaced by H. The function ¥ (§*) has the meaning of a dimens-
ionless warping of the cross-section, while the function y, (t¥) is the displacement component
in the plane of the cross-section. The functional 9, is independent of y,.

In the particular case of an isotropic homogeneous rod, as is shown below, inf8, =
and the problem of the minimum of the functional €, is equivalent to the torsion problem of
Saint-Venant. The function ¥is given by the equality W = Y,(Q2%, where € is the torsional
stiffness of the rod; (1.6} here goes over into the known formula from strength of materials.
For anisotropic or inhomogeneocus rods, the function Weontains additional components whose
evaluation is related to the solution of the variational problem (1.7).

2. A three-dimensional functional. Let us consider an elastic, inhomogeneous aniso-
tropic body occupying a domain ¥V, in its undeformed state. The domain V, is formed by motion
along the space curve Ty (the rod axis) of a plane figure § at each point of the perpendicular
axis. Let us introduce a curvilinear coordinate system £* & in V, by means of the formulas

7t r(O)i &+ T(O)tizga' (2.1

It iz assumed that &* = 0 is the center of gravity of 8, i.e., <« §a> = {J, The coordin-
ates E¥ ! are considered CO-MOVIKT.

Values of the metric tensor components Eguas, Sopas Sews in the coordinate system % & are
presented in /3/, for example.

Let us consider that wj is a continucusly differentiable Function of & For suffic-
iently small numbers R the following inegualities are valid
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ol | <R, Jdogydt|< R 12

We call the best constant in the inequalities (2.2) (the maximum of the numbers R ifor
which (2.2) hold), the characteristic scale of the curvature and torsion. It is assumed that
h<€R.

Let us consider the problem of the equilibrium of an elastic rod subjected to dead sur-
face and volume forces under the condition that the following particle positions are given on
the rod endfaces

e, 0 =a' = bEe, 2(ER, | Tol) = af + blai® (2.3

~ Here &' (8%, t) are functions governing the particle position in the deformed state, and
a', ai, by, b«' are given constants.
Rod equilibria correspond to stationary points of the functional

I= (a2 (s — R & — § Pt 2, 8y do) 2.4)

I. a$

in the set of functions z'(t* ) which satisfy the constraints (2.3). The Uin (2.4) is a
given function of the strain tensor components, 2e4p = Zoa. Zi, g — Eojabs 2€a3=1§a1i.§_g(o)aav 2845 =
3% ¢ = Bo:x the comma in front of the Z in the subscripts denotes differentiation with respect
to t, the comma in front of the Greek subscripts denotes differentiation with respect to
Be » is a determinant, the initial metric » = 1 + ek’ F; and P; are the volume and surface
force components.

For small h it is required to replace the problem of finding the stationary points of the
functional (2.4) by an approximate "one-dimensional" problem in which only functions of 3
figure,

We shall limit ourselves to the examination of small strains and we start with an invest-
igation of a physically linear elastic body, when U is a quadratic form in the strains.

Let us represent !/ in the form of the sum of three positive-definite quadratic forms

U=U,+U_ VU,

(291
W

Uy =168, U, = 1262 (260 + Eofa) (@ — f3)
Uy =1 £°B¥ (€ap + Eapesa + Eﬂﬁzem)(a, By &

From the formula
Uy =mineyg egols Uy=ming gl --Uy), U, ==U—-U, =,

it follows that this representation is unique, and the two dimensional tensors E«fv6, G'if’. Egp.
Egﬁ, Eq, E; can be considered as independent components of the three-dimensional elastic moduli
tensor. This latter can be expressed in terms of two-dimensional tensors if the brackets in
(2.5) are expanded.

We shall construct a "one-dimensional" functional by using the passage to the limit

h~0. The papers /4—8/ are devoted to the appropriate asymptotic analysis of the elasticity

theory equations. Formulation of the problem should be supplemented by an indication of the
dependence of the characteristics of the external actions P; and F; and of the elastic moduli
tensor components on h. Something will be said about this below.

We make the change of variables !%== h{®. After replacement of the domain of the change
of variables (%, § is independent of A, and the parameter h enters the functional explicitly.
The domain of variation of the variables {* exactly as the domain of variation of E*, is
denoted by 8.

3. Replacement of the sought functions. We introduce the functions
rg) o<t (B B S

where |S | is the area of the cross-section §.

-

We call the curve z':-r' (%) the deformed axis of the rod.
We endow the curve [' with two unit vectors Tai(E), which are mutually orthogonal and
orthogonal to the vector 1! == dr'/ds.

We make the change in the sought functions £ (EL B — 4 KN E)

HES, ) = (E) - AR BV - Ryt (L, B) i3.2)
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Because of the definition of rt (E) (3.1), the functions y' satisfy the constraints
<yhy=0 (3.3)

The additional degree of freedom that occurs with the assignment of 1, permits imposi-
tion of still another constraint on y‘. For definiteness, we take the equality

e (yoip) = 0, Yo=Tali (3.4)

as such a constraint.

The equality (3.2) sets up a mutually one-to-one correspondence between all the functions
£ (2%, &) and all the sets (' (), ' (8), ¥ ¢ E)) subject to the constraints (3.3) and (3.4), and
the orthonormality condition of the triad 7, {(1.1).

The functions r and Ta‘ at the rod endfaces are selected in conformity with the bound-
ary conditions (2.1)

rO)=d, r(l)=a' (@ =>0z 7a(Tol)=1d (3.5)

Here
v e 0=y ITe =0 (3.6)

4. Characteristic scale. wWe define the amplitude of the bending-torsion deformation
gq and the amplitude of the extension of axis ¢, by the formulas

&g == h maxg (2,0°%":, e, =max|7y|

The quantity € = &g -+ &, characterizes the amplitude of the deformations.
We introduce the characteristic scale of variation of the state of deformation [ as the
best constant in the system of inequalities

[Qo, ] <eal™, |y e <™ g << max (Y™ (4.1)

The scale ! is a function of §. We assume that the scale [ is commensurate with % in
the neighborhood of the endfaces 0 E b, [T | — 0 <CE I To b ~Fk, while Bk, =hil&1l far
from the endfaces.

5. Elastic moduli and external forces. The components of the tensors E«fvw %
have the dimensionality of the shear modulus G, while the tensor components Egg¥ Eag, E, are
dimensionless. Because of the positive-definiteness of Uy, U, and U, the tensors Eebvd and

‘2‘3 are positive definite, while E; is a positive scalar. The dimensionless tensors Eqp,
Fqp and E, can take on arbitrary values.

We assume that as h—0
Ey=E{® 8+ 0(Gh,), ¥ =68+ 0(Gh,) (5.1)
B — "M (12, &) + O(Gh,), Egp=Cip(t* §)+ O (Ghy
Eqp==Cop ({% &) + O(Ghy), Eo=Co(% &)+ O(Ghy), hey=h/R
If the elastic properties are symmetric relative to a plane perpendicular to the rod axis,
then the two-dimensiocnal tensors with an odd number of indices vanish: Cop? = Cq = 0. if,
in addition, the elastic properties are invariant relative to rotation in the cross-sectional
plane (a transversely isotropic body), then in conformity with the general theory of tensor
functions /9/:
Caﬁvc == AT |- p((gavaﬁa 4 5\2068\7)’ Gaﬂ == G6B, Cctﬁ — 8%

The elastic properties of such a body are determined by the parameters £E, G, A, u, v, where
E. G . pand A - it are positive, while the quantity v is arbitrary. For an isotropic body

£ =124 (1+4 v) is Young's modulus, G = p is the shear modulus, and v = Y,A (A + p)' is the
Poisson's ratio. In the aniscotropic case E is naturally called the longitudinal Young's mod-
ulus, G*® is the tensor of the shear modulus, and C* is the tensor of the {transverse)
Poisson's ratios.

Let us turn attention to the fact that the "prelimit" two-dimensional tensors of odd
rank differ from zero because the coordinate system, is curvilinear, even for an isotropic
body, as is seen from their expressions presented in /3/.

For the external forces we take the conditions
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P, = O(Geh,,), F,=0(Gel"

and for simplicity, we limit ourselves to the consideration of external volume forces whicih
are constant over the cross-section.

6. Asymptotic analysis of the energy functional. Lot us construct a theory of
rods in a first approximation. This means that all quantities on the crder of v ohy and b,
are neglected as compared with one.
~ Let us determine ' (!) and 1.'(§) and we seek y' in a first approximation. We  assume
Y~ . Then, in a first approximation, the equalities
Fap == Yiulpy  2€az == Yoo 2 legql®  Ean =y op AQLO il

are valid for the strain components.
Here y =~ (1 -* 2v) 1'y,. and symmetrization is noted by the parentheses in the subscripts.
The derivatives of y' with respect to ! do not enter into the functional, it does not "maint-
ain" the boundary conditions (3.6), and seeking y and y, reduces to minimizing the guantity
0 =0, + 8, for each %, while €, and O, are given by (1.8} and (1.9).
The minimum is scught over all functions y, and y satisfying the constraints

e, Yy e O et gy == 0 (6.2}

in conformity with (3.3) and (3.4).

The work of the external forces is discarded because of the estimates (5.1). The minimiz-
ing functions of the functional © are evidently of order +¢. This yields the foundation for
the validity of the assumption made.

The minimal value Y' of the furctional © is a certain quadratic form of the parameters -.

Q,and Q. According to (2.5), (5.1} and {6.1), the linear energy density of the rod inwhich
just terms on the order of Gh%® are retained is given by (1.6).

The first term in (1.6) characterizes the tensile and bending erergy, the second the tor-
sional energy and the additional contribution to the tensile and bending energy from the trans-
verse strain.

7. Investigation of the section problem. Homogeneous rods. Finding the mini-
mizing functions of the functional O is equivalent to solving the Neumann boundary value
problem for a system of three second-order elliptic equationswith variable coefficients in y,,

y. It is equivalent to a mixed boundary value problem for a system of second and fouarth
order equations in y and the stress function ¢ which is obtained by passing to the dual varia-
tional problem by the general rule /10/. We present its formulation

Wy, Qa, Q) == inf;supy (0. () + 6% (7. u)] 7L

81 (14 y) = ey [Cap (v -+ A1) = Cip (1 hQemI%) — Yy Cabyse@ebreviebiy v,
where the upper bound is sought in all functions y satisfying the conditions
fin < const (7.2)

on the boundary of the domain §, and Cabws is the inverse tensor to (“B¥s in the sense that

Cohoal T L A aE

As a rule, the variational problems formulated can bhe solved only be numerical methocs.
There are individual cases, some of which will be examined, when sufficiently essential inform-
ation is successfully obtained by elementary means.

The results from /11,12/ will be elucidated below in this section in variational terminol-
ogy and tensor form (see the monograph /13/ also).

Let a rod be homogeneous in the transverse directions, i.e., C%B¥8 Goub (g% (o and (g
are independent of !*. Then for a rod with arbitrary cross-sectional geometry and anisotropy
of general form ¥ is independent of ¥, and measures of the bending and torsion enter ¥ in the
form of the combinations Q, = Q — ', e*(,Q,. hence

(703
ro— 1y 2 [ QAP
v - 1,00,
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Here the torsional stiffness € is the minimum value of the functional

. " ' g A
€ = infs, ; h* (G (20 + €qal®) (@ — B) 5 €7 (ziap) + Capzp) (@, B— v, 8)) (7.4)
Indeed, let us replace the requiredfunctions
y = Ot — YaCahQp (£73F — 3By S ) + 20y (7.5)
Yo = — (Cap — ChpCa) 218 — Mgy, (ABLY — PR S 1)+ 1y

We take solutions of the linear system of equations

Ay I e (8gpy + Gpay) = CaphQy — CoghQC, — Coghfie o (7.6)

as the constants agp, = 844
It can be seen by direct substitution that for any tensor of the third rank g4, thatis
symmetyic relative to the last two subscripts, the following identity holds

Yapy = Uapy T awp ~ Yipvia (7.7)

This latter equality (7.7) vields the solution of the system (7.6).

Substituting (7.5) inte (1,7) and (1.8) with (7.6) taken into account results in the
relationships (7.3) and (7.4). There remains still to note that the constraints (3.3) and
(3.4) are not essential to the evaluation of the lower boundary of the functional 6 since it
is invariant with respect to the substitutions y—y+ ¢, yg ~ v, + g + meaﬁcﬁ, €, ¢y @ are constants,

Elliptical rod. Let § be given by the equation beal®lP <1, by which is a symmetric
positive definite tensor. It is not difficult to guess the minimizing functions: they satisfy
the equations (a is a constant)

. A
Go® (218 -+ eoplt) = ae®bylb. By + Capzp =0
Hence

2= 3 (aGpae™bry — eug) (P — (CHLBY/ | S |) 7.8
a = 2 (Gopererh, )1,
Za == aftapy (£7LY — <EBLY> /] S])

where Gog™' is a tensor inverse to G®B, dggy is the solution of a linear system of equations

dragyy = — Cap (0BG %™, — e,),which is given by (7.7). Consequently C == a?Gapectebrby b, J"", I =
B"E"> or taking into account that bap = i | S [ RUGE (JohI8v = §,%), for an ellipse, we have

C = 4 [Goherrebv )2 (7.9)
We turn attention to the fact that the value of the torsional stiffness is obtained with-
out any assumptions about the coaxiality of the tensors Gap and Ioup.
Estimate of the torsional stiffness of a homogeneous anisotropic rod of
arbitrary cross-section. The estimate
C < 4 {Gape™eB L1 (7.10)

is valid for the torsional stiffness,
It is an extension of the inequality /14/ that is written as follows in tensor form

C < 4u 1 IZ®) (7.11)

to the anisotropic case.

To derive the inequality (7,11} from (7.10), it should be recalled that G;,‘»,:;t“f\aﬁ in
the anisotropic case.

We substitute (7.8), in which byp are arbitrary parameters, as trial functions into the
functional (7.4). This results in the estimate

[N 4?}#\';)‘1}‘5\%1;-:4 {Zuvbuv}~z {(7.12)

Here we have introduced the temporary notation G = Goh (B,
We now minimize the right side of (7.12) with respect to b,,. This is equivalent to
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minimizing the quadratic form E“Vbu;\bwli"‘ under the constraints "%, == 1. It can be shown that
the minimum is achieved at baa-—-/;;,((—;’“‘li,{)-‘ which indeed proves the assertion expressed.

An estimate, analogous (and possibly also equivalent) to (7.10), was constructed in /lZ/,
however it has a very much more complex form.

8. Inhomogeneous rods. 1In examining inhomogeneous rods, we restrict ourselves to
the case when the rod has a plane of elastic symmetry perpendicular to the axis. Here Cqp’ =
Ce = 0 and the problem about the minimum of the functional O splits into two independent
problems, the problem of the minimum of the functional 8, (y), with respect to y, and the
problem of the minimum of the functional O, (y») with respect to ya. The former is substant-
ially the Saint-Venant problem on torsion /15,16/. The function minimizing ©_(y) is evident-
ly proportional to Q and ¥, = inf 8, (y) = /.CQ* The latter problem corresponds to a certain
plane problem of the linear theory of elasticity which N.I. Muskhelishvili investigated in
the isotropic case /17/. The minimizing functions depend linearly on y and (g hence, the
minimal valueW¥, of the functional ©_ will be a nonnegative quadratic form in y and Qg

(E \y* + 2E5 82, + E%PQ,Qp) 8.1)

¥_—inf, 0, ="1,|S

Centrally-symmetric section. The cross-section is said to be centrally symmetric
if besides each point with the coordinates (= it contains a point with the coordinates-—I%. For
functions define in centrally symmetric domains, the concept of evenness can be introduced;
each function can be represented in the form of a sum of odd and even functions (they are mark-
ed,respectively, by one and two primes).

Let (oB¥ and C* be even functions of *.  Then the functional 8, splits into the sumof
two functionals

O, =y <L (b (Yearp; + Capy) (@, B —> 7, 8)
O =1, (C*® (y(aip) + CaphQol?)(a, B -~ v,0)>

They can be minimized independently. The lower bound of @' is proportional to ¥° and
of 8,"to Qu’ Thus under the assumptions made FE[ = 0. The same deduction is obtained if

-

Ce# are odd functions of %

Inhomogeneous rod with constant Poisson's ratios. It turns out that the fol-
lowing remarkable equality holds for Cqp = const

¥, =0 (8.2)

For the proof we use the fact that evaluation of 8; by any functions y, yields the upper
bound of ¥ . We put
Yo = — CapWe® — Y2 agg, (2F0Y — ZPLV| S 1)

where age, is the solution of the system aggg, = Cgphély. In these functions 6, = 0. Therefore,
w, <0. Hence (8.2) follows by virtue of the non-negativity of w, .

" The minimizing functions y, of the functional @, are universal in form for an arbitrary
cross-section and arbitrary dependence on the coordinates of the elastic moduli ¢*P®; it is
found by using (7.7)

Yo = — CagViP — (Caphl, — 1: Cyhg) PV - BV SD

Criterion that ¥, vanishes. The quadratic form ¥, equals zero identically not only
for rods with constant Poisson's ratios, but also for certain rods with variable Poisson's
ratios.

The following assertion is correct.

Let the domain S be divided into two parts J, and S, by a differentiating line L. The
Poisson's ratios in each part are continuous, but become discontinuous on the line L. Then
for the quadratic form ¥, to vanish, it is necessary and sufficient that there exists a func-
tion ¢ (%) such that in the domain of continuity of Cap

Cap == Clap (8.3}
and on the line of discontinuity

[ej] = const (8.4)
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The symbol [-]1 denotes the difference between values of the function on both sides of
the discontinuity.

Proof. Sufficiency. we put
Yo = = e (V+ RQ L) + chQy + 0, + wegt”

where a,, w are constants whose values are different in § and §,. We select these constants
so that the condition [y,] =0 would be satisfied on L. Relying on the condition of kinematic
compatibility d[cl/do = r dt%/do(r, =[¢,,), 6 is a parameter on L from which it follows that {c = r * +
7, r = const, we find that [y,] =0 for [a ] = roy -+ rhfly, [0] = ™rehl,. The functions y, constructed are
allowable and e_L=0 on them, therefore v, = 0.

Necessity. Let w_=0. Then by virtue of the nonnegativityof U,U; =0 and the plane

"deformations™ (,z and C,gl’ should be compatible. It follows from the condition of compat-
ibility in the plane problem that (,q should satisfy the system of equations

— 8.5
ACqp+ Chiap ~ Chipy — Chian =0 (8.5)

2 app+ (Cha — Cap) Bap + (Clip — Ciy) Ora — Cangp — Cpara =0 (8.6)

Removing (8.6) in a,f, we obtain (¢}, =(}),. Hence, and from (8.6)

2Capp = Canp+ Cpuia (8.7)

We express (., in {8.7) by the formula obtained from {(8.7) by replacing the subscripts
f = % Taking account of the symmetry of (,5 we obtain Cp,y = Cpy,- Therefore, there exists
a vector ca(c”) such that (g5 = ¢yg The condition of symmetry of C,p means that the vector ¢,
is a potential one, ¢, =¢,, and therefore, the equalities (8.3) hold. Hence (8.5) and (8.6)
are satisfied. The formulas written down above for ye result from (B.3) and the condition
U,=0 and it can be seen that the requirement of continuity of y, results in the conditins
(8.4).

Let us present a number of elementary corollaries of the criterion formulated,

Corollary. 1°, 1t ¥, = (0 for an inhomogeneous anisotropic rod with discontinuous
Poisson's ratios, then on the line of discontinuity these Poisson's ratios satisfy the condit-
ion

[Capl 18 = 0 (8.8)
where 1P is the tangent vector to the line of discontinuity.

2°. For a transversely isotropic rod ¥, =0 if an only if the Poisson‘'s ratio v is con~
stant.

3°, If for an inhomogeneous anisotropic rod with piecewise-constant Poisson's ratios
¥, =0, then 1) det]j[Cyplll = 0 and 2} the lines of discontinuity are lines perpendicular to
those of the principal axes of the temsor [(,] for which the appropriate eigenvalue {Cupl 1is
not zero.

Some estimates of W.. Few exact solutions of the problem of the minimum of the
functional 8; are known, hence, two-sided estimates of ¥ , that bracket the effective one-
dimensional energy coefficients acquire special value. We present some of the simplest esti-
mates for inhomogeneous rods.

Upper estimate. We take the trial function y, in the form

Yo == als + (Bapty — Yabpean) (GBLY — (LPLYY /] 1),
a, @y == const

Evaluation of @, as a function of the parameters a and g, and minimization with respect
to @ and aq result in the inequality

Y C2KA A+ v — A+ ) vE A+ ™ —Dap (A 4+ vl — A+ p) v A+ D A+ X (8.9
{a— B y? 4 2IK(A + ) vEEHLEY — (R A W) ¥ (A 4 p) w88 (A o 7 — Dy (C(A ~F p) vEVC®) —
S B <A A 1) VL™ A+ ™) (v 8, @ — B Q0+ A (KA A4 ) V3™ — LA+ 1) V) (A ) vED A ™ —
Dy (< - 1) vEBY — (A 4 1) v> <A + WV ERY KA 71 ¢ (KA + ) VYLD — B+ 1) £ KO+ 1) v0%> (A 4 w7 vhily
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Here Dgp denotes the tensor inverse to the tensor

A+ )RR — (A e )% (A = w8 b

In particular, we examine a rod with a centrally-symmetric transverse scction and even
functions A and p. Then {(* f p)vi3> =0 and the estimate (8.9) for the addition of £ o
the effective Young's modulus yields

E 4+ vy =<+ vie —whis) (8,10}

Let the rod consist of two homogeneous materials whose elastic characteristics are denot-
ed by the subscripts 1 and 2, and the relative areas occupied by @ and 1 — « The inequality
(8.10) becomes

E, C4a{l — a) (v; — VP ja (A, 4wt (1 - a) (A 4 f‘x)_“-l {8.11)

For comparison we present the exact value of £ found in /17/ for a circular rod for
which the Lamé parameters have the values #,.), for |2'|' 4|22 << R, and &z p, for R, - |
1< A,

E_ =4a(l —a)vg — vOR{e (A, - )7t = (1 — 20 < T gty (8.12)

Comparing (8.11) and (8.12) shows that the estimate is asymptotically exact £or j,'u, -
and its error increases together with  pjju,.

Lower estimate. 1In contrast to the upper estimate, a lower estimate is not construct-
ed successfully by using the dual variational problem (7.1) for any cross-section since the
function y should satisfy the boundary conditions (7.2) on the section boundary. To illus-
trate application of the dual problem, we obtain the lower estimate of E. for an isotropic
circular rod with parameters 7. u« varying over the section. We take the function y in the

form ¥ = ¢ (Le2% — ')% Here conditions (7.2) are satisfied. Substitution into (7.1) and max-
imization with respect to the parameter g yield

E 34 0 (Gale — W2 L 7 (Gl (e T el NS

B i{,*. and the right side of the lower esti-

Let us note that (v ({%fe = ¥u)> = (v - (M| S
mate vanishes, as it should, for ~ - const.

9. Energy of a rod from physically linear material. The rod deformation is
determined completely by . ¢ and £, hence, in a first approximation the principal terms in
y. ; and Q and the principal cross terms must be retained in the expression for the energy
density @. The principal terms in y.Qa, and Q are contained in (1.6). As is seen from the
results in Sects. 7 and 8, the cross terms in (1.6) can vanish and the principal cross terms
turn out to be among the energy components of the order of ph? (e3 <- he? -+ h  e?). We first con-
sider the energy @ (1.6) of the order of ph%? and we then evaluate the cross terms.

Homogeneous anisotropic rods. From (1.6) and (7.3) we obtain
2 = E| S|y i EI*PQeQy - € (Q — Y2eW( ,40)? 9.1)

If the elastic properties of the rod are symmetric with respect to a plane perpendicular
to the axis, then (9.1) goes over into the classical expression

b = EVS |y EIeB Q,Q¢ - (CQF (2.2

In the opposite case, the component —Ceé'C, Q. Q, that describes the cross interaction between
the torsion and the bending enters the expression for the energy, and the effective bending
stiffnesses are determined by not only the tensor of the moments of inertia of the section
(E1Bisas in the classical case) but also by an addition associated with the torsional stiff-
ness. The bending stiffnesses have the form E/®0 -+, Ce’mevﬂCuCV. We note that the cross inter-
action and the increase in bending stiffness occur only for bending in the plane perpendicular
to the vector (.

We shall later examine rods whose elastic properties are symmetric relative to a plane
perpendicular to the axis.
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Inhomogeneous rods. According to (1.6) and (8.1)
20 = [(KE> + E 4 |S])V* = 2(CEES + E% | 5]) 700 + (KEEEE) + EV | 5) Quldp] -+ €O 9.3)

An interesting observation made for the isotropic case by N.I. Muskhelishvili /17/, is
associated with this equality and (8.2). Let there be two rods with identical values of <&,
Et*y and <Eg"tP; and different values of the Poisson's ratios (.3 where the Poisson's ratios
are constant for one rod. Then the bending stiffness and the Young's modulus are greater in
the rod whose Posson's ratios are variable (if the latter do not here satisfy the criterions
of w, degeneration (8,3) and (8.4); N.I. Muskhelishvili considered piecewise~homogeneous iso-
tropic rods for which there can be rio degeneration of ¥, according to Corollary 2 of Sect.8),

For rods with a centrally symmetric cross-section and even elastic properties (EEey =
E,* = 0 and the cross effect between the tension and bending vanishes.

Cross terms. We limit ourselves to an analysis of homogeneous anisotropic rods with
centrally-symmetric section and we take h, < ¢ so that terms on the order of h,e* can be
neglected as comparedwith terms on the order of &% ; this latter assumption is valid, in part~-
icular, for straight rods in the undeformed state . Cross terms on the order of h,e? were construct-
ed in /3,18/.

It can be confirmed that only the following components of the expression for the strain

E Y - -
2805 = Yja -+ hQ (1 — Cly) eoul® —h L Cacl? (9.4)

&as =" + [8op - (Baup — Cup) VI RQALD 4 Yh® (QuLop - 1112021

will yield contributions to the energy because of the central symmetry of the cross-section and
the evenness properties of y and y, .

The expressions (9.4) contain corrections of the order of ¢ and k,, as compared to one.

In conformity with the general scheme of the variational-asymptotic method /2/, y and yq
must be represented in the form y = yo - y'. Ju = You + Yo tO construct all the corrections of
order ¢ and h,,, where VYo Yoo are the minimizing functionals of the functional @, the prin-
cipal terms in y’, y,' and the principal cross terms must be retained in the expression for the
energy density of a three-dimensional body, and the obtained functional must then be minimized
with respect to ¥’ y.,. It can be confirmed that the quantity y, will hence turn out to be
of the order of &* and can be discarded since no cross terms between Yoo and y, will enter the
expression for the energy because of the Euler equations for the functional ©;, and the de~
termination of the energy with corrections on the order of ¢ and k., taken into account is
equivalent to replacing the torsion problem by a "refined" torsion problem

1/26&§ (e = Q{1 — C;‘i’}”) eouk? — CaelPhdyids) (@ — B — i"fy (8.5)

The substitution y—z
Y ==1oCop (530P — CC208x 1] S hdyids + 2 (1 — Chyiz

reduces it to a torsion problem. Hence, the minimum of the functional (9.5) equals 3/,0Q2(1 —
Civ)®.  Taking account of the expression for &3 in (9.4), we find for the rod energy density

O ="%(E|S|y* + EI**QuQp + €Q2) = ByO? 4 Biloev0PQ° (9.6)

The constrants & and By* characterize the cross effects between the tension and the tor-
sion, the tension and the bending, and are given by the formulas

B = pEIE —C%C, BE==FE (3,6% —C%)

The exror in (9.6) is O (ph?® (b2 + €')). The expression (9.6) does not contain a cross
term between the torsion and the bending since it is of the order phth, 5

In the isotropic case the tensor Bg* is spherical and positive definite. The constant B
and the inequality (/7)1  %,J5 are positive, as follows from the estimate (7.11). This
means that the twisting of the rod causes its shortening, if the ends are free and a tensile
force is induced if the ends are fixed. However, this will hold only for isotropic rods. 1In
the anisotropic case, the constant B can be positive because of the arbitrariness of G.E and

v ., and can also be negative. ‘

This can be explained as follows. Cross interaction between the tension and torsion is
due to two geometrically nonlinear effects. Elongation of the fibers parallel to the axis
occurs during twisting. It generates an increase in the rod energy (the first term in the



528 V.L, Berdichevskii

coefficient B). On the other hand, longitudinal elongation because of the Poisson effect is
accompanied by transverse deformation, which causes (a geometrically nonlinear effect!) an
additional shear strain that diminishes the shear energy (the second component in the coef-
ficient B for C§>0). In the isotropic case the first factor predominates and the energy
increases, while the inverse can occur for anisotropic rods.

We present the value of the constant B for a circular isotropic rod of radius R: B =
YaRE(1 — vy /(1 + v).

One-dimensional functional. The equilibrium position of an elastic rod can be
sought, in a first approximation, from the condition of stationarity of the functional (1.5)
in the set of functions ri(F) and 7t (§) that satisfy the constraints (l.1) and the boundary con-
ditions on the endfaces (3.5). In conformity with (2.4), (3.2), (5.2) and the estimate Y =
0 (), the work of the external forces in (1.5) has the form

ITel
L={(or + o, Q.—=h§ P.do + F,|5],
S

[

QF = Predo
3s

10. Energy of a rod from Murnaghan and Mooney material. 1t is natural to re-
tain contributions of order &' even in the energy of a three-dimensional body in taking account
of the cross terms of order ¢% in the one-dimensional energy. By using the variational asymptotic
method it can be found that the appropriate changes in @ reduce to adding values of terms on
the order of &% of the energy of a three-dimensional body, calculated in the strains (6.1).

An expression of the form (9.6) with coefficients B and Bg* given by the formulas

B =1, EI,x» + C (Y, (1—=2v) mp™ 4+ Y,vap™t — 2v)
Bg> = §g (¥, —=WE+(1 =293 —m)+ 31— 2v) X (1+2v%) m -+ 3v?p)
for a Murnaghan material (l, m, n are the Murnaghan constants /19/) is hence obtained for the
energy.

The corresponding expressions for the Mooney material have the form (¢ is the Mooney con-
stant /19/)

B=1Y,Ell» =Y, (T+)C, B> =Y, E(1 +c)C.
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